This paper deals with the inplane singular elastic field problems of inclusion corners in elastic media by an ad hoc hybrid-stress finite element method. A one-dimensional finite element method-based eigenanalysis is first applied to determine the order of singularity and the angular dependence of the stress and displacement field, which reflects elastic behavior around an inclusion corner. These numerical eigensolutions are subsequently used to develop a super element that simulates the elastic behavior around the inclusion corner. The super element is finally incorporated with standard four-node hybrid-stress elements to constitute an ad hoc hybrid-stress finite element method for the analysis of local singular stress fields arising from inclusion corners. The singular stress field is expressed by generalized stress intensity factors defined at the inclusion corner. The ad hoc finite element method is used to investigate the problem of a single rectangular or diamond inclusion in isotropic materials under longitudinal tension. Comparison with available numerical results shows the present method is an efficient mesh reducer and yields accurate stress distribution in the near-field region. As applications, the present ad hoc finite element method is extended to discuss the inplane singular elastic field problems of a single rectangular or diamond inclusion in anisotropic materials and of two interacting rectangular inclusions in isotropic materials. In the numerical analysis, the generalized stress intensity factors at the inclusion corner are systematically calculated for various material type, stiffness ratio, shape and spacing position of one or two inclusions in a plate subjected to tension and shear loadings.
Introduction
Much attention has been paid to inclusion problems by many researchers since the first solution to the ellipsoidal inclusion problems by Eshelby (Eshelby, 1957) . The application background is found in microstructures, composite material structures and others (Mura, 1987; Nemat-Nasser and Muneo, 1999; Buryachenko, 2007) .
To solve elastic inclusion problems, both the analytical and numerical methods were applied. Among the works on analytical solution, the representative ones that should be mentioned are those of Eshelby (1957) , Kröner (1958) , Hill (1965) , Budiansky (1965) , Mori and Tanaka (1973) as well as Kushch et al. (2005) . However, these analytical solutions are either limited to very simple geometries such as ellipsoidal inclusions or require high level of mathematical competence. Therefore, most engineering problems of ellipsoidal or irregular shaped inclusions have to resort to numerical methods such as the finite element method (FEM), the volume integral equation method (VIEM), the boundary integral equation method (BIEM) and others.
0020-7683/$ -see front matter Ó 2008 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2008.08.030 The conventional FEM has been used to solve various kinds of inclusions (Ghosh and Mukhopadhyay, 1993; Nakamura and Suresh, 1993 as well as Thomson and Hancock, 1984) . However, due to the need for domain discretization, a lot of finite elements must be used for more accurate numerical results. The VIEM is an effective method for the analysis of the inclusions embedded in an isotropic matrix or for coating problems (Buryachenko and Bechel, 2000; Dong and Bonnet, 2002; Lee et al., 2001 and Nakasone et al., 2000) . Compared with the conventional FEM, the VIEM only discretizes the inclusion parts. However, it is difficult to extend this approach to the anisotropic medium due to the use of complex fundamental solutions. Relative to the conventional FEM and VIEM, the BIEM is a more efficient and accurate one for solving inclusion problems. It has been successfully applied for the solution of inclusion problems of various shapes (Tan et al., 1992; Chen and Nisitani, 1993; Chen, 1994; Noda et al., 2000; Dong et al., 2003) . However, the method also needs the fundamental solution, which is not easy-to-obtain or impossible-to-obtain for composite materials; and the boundary integral equation must be formulated for each inclusion, which might be inconvenient for solving problems containing many inclusions of irregular shapes. In comparison with the BIEM in the accuracy of numerical solutions, the hybrid-stress finite element method developed more than 40 years ago by Pian (1964) is now well recognized as a powerful and easy-to-use tool for solving a variety of two-dimensional linear elasticity problems containing a single or multiple singular points (Tong et al., 1973; Tong, 1977; Moriya, 1984; Lee and Gao, 1995; Katusbe, 1995, 1997; Wang et al., 2004 Wang et al., and the authors, 2001a Wang et al., , 2001b Wang et al., , 2007a Wang et al., , 2007b Wang et al., , 2008 . This makes the method attractive and potentially very useful in micromechanics of fibrous composites because it provides an efficient tool for analyzing the advanced one-inclusion or many-inclusion model problems with an accurate account for elastic behavior in the near-field region. In the numerical study of composite materials reinforced by circular inclusions, the method has been applied successfully only by Katusbe (1995, 1997) .
At the same time, to the best of the author's knowledge, the studies related to interacting non-ellipsoidal inclusions by the hybrid-stress finite element method are absent. Moreover, a numerical solution of even a single non-ellipsoidal inclusion by the hybrid-stress finite element method could not be found in the literature. This may result from a fact that constructing a super inclusion corner element needs the analytical solution of the singularity order and angular variation of singular elastic field that reflect local elastic behavior around the inclusion corner, whose derivation introduces formidable mathematical difficulties for most composite materials.
In the present work, a one-dimensional finite element formulation developed by Sze and Wang (2000) , Sze et al. (2001) is first applied for the numerical solution of the order of stress singularities and the angular variation of stress and displacements fields. These numerical fields are subsequently used to develop a super element that simulates the elastic behavior around an inclusion corner. The super element is finally incorporated with standard four-node hybrid-stress elements to constitute an ad hoc hybrid-stress finite element method for the analysis of local singular stress fields arising from inclusion corners. To compare the available reference solutions, the ad hoc finite element method is used to solve the problem of a single rectangular or diamond inclusion in isotropic materials under longitudinal tension. To present its applicability, the present ad hoc finite element method is extended to discuss the inplane singular elastic field problems of a single rectangular inclusion in an anisotropic plate and of two interacting rectangular inclusions in an isotropic plate. In the numerical analysis, the generalized stress intensity factors at the inclusion corner are systematically calculated for various material types, stiffness ratio, shape and spacing position of one and two inclusions in a plate subjected to tension and shear loadings.
Expressions for total elastic fields around an inclusion corner
Consider an infinite plate containing an irregular-shaped inclusion, as shown in Fig. 1 . The singular stress field around the inclusion corner is analyzed. It is convenient to use a local coordinate system centered at the corner to analyze the local elastic behavior. Fig. 2 shows the local configuration around the corner o. In Fig. 2 , two dissimilar wedges with subtending angles of a and a 1 + a 2 (a + a 1 + a 2 = 2p), respectively, are bonded perfectly along both of their interfaces. Each of which may be made of an isotropic, anisotropic, piezoelectric or else material. Wedge 1 is occupied by domain X 1 , and wedge 2 by domain X 2 . Let (r, h) be a local polar coordinate system centered at the corner o, so that the axis of h = 0 is the bisector of the two wedges. Therefore, when setting h = 0, we have a 1 = a 2 . The stress and displacement field near the corner is evaluated by using a one-dimensional eigenanalysis finite element formulation. The formulation is straightforward as will be shown herein. According to previous studies (Sze and Wang, 2000; the authors, 2001a and 2001b) , the following one-dimensional finite element characteristic formulation on stress singularities around the corner is given as:
in which P e 1 þe 2 represents the assemblage of elements belonging to wedge domain 1 and 2; k are eigenvalues (called as stress singularity orders as well); q e are eigenvectors or generalized nodal displacement components in the element ''e"; the element matrices e P e ; e Q e and e P e are defined in Sze and Wang (2000) as well as the authors (2001a and 2001b). Eq. (1) can be transformed into a standard characteristic equation by proper manipulations, and then eigenvalues k and eigenvectors q e are solved from the equation with standard numerical subroutines. The element matrices e P e ; e Q e and e P e are evaluated using numerical integration by means of Gaussian quadrature for isotropic materials. However, for anisotropic materials whose properties are angular functions, the matrices must be transformed at each Gauss point during the numerical evaluation of the integrals, so that the anisotropic in the material is correctly taken into consideration.
When either one of domain X 1 or domain X 2 or both are polarized piezoelectric materials, some modifications to onedimensional eigenanalysis finite element formulation (1) should correspondingly be made due to the additional piezoelectric effect. To save space, we are not going to discuss how the eigenanalysis finite element formulation of piezoelectric materials is modified herein. The interested readers can refer to Sze et al. (2001) and our previous publications (2006, 2007a, 2007b) for more details. By using the numerical solutions of singularity orders k n and generalized nodal displacement components q e(n) from Eq.
(1), the general expressions of total asymptotic displacements u (r, h) and stresses r(r,h) around the inclusion corner in elastic materials are written as uðr; hÞ ¼ X ð1Þ Á Á Á b ðMÞ T ; the quantity with subscript P is an interim one in the polar coordinate system; and N represents the number of complex singularity order k n truncated and M the number of real singularity order k n truncated. Moreover, in Eq. (1), it has been arranged as k n 6 k n+1 (herein equal means multiple roots), and in the scope of fracture mechanics, Re(k) < À1 should be excluded in the series.
(r, h) and U ðnÞ l ðr; hÞ, R ðnÞ l ðr; hÞðl ¼ R; IÞ can be respectively computed from the non-dimensional angular distributions of U ðnÞ ðhÞ and r ðnÞ ðhÞ which are obtained from the singularity orders k n and the eigenvectors q e(n) .
Super inclusion corner element stiffness matrix
Sound variational basis and high coarse mesh accuracy of super crack-tip and wedge-tip hybrid elements for conventional materials have been discussed (Tong et al., 1973 and the authors, 2001b) . Similarly, to formulate finite element calculations for the singular elastic fields around an inclusion corner in elastic materials, a super n-sided polygonal inclusion corner element embedded with a part of an inclusion corner, as shown in Fig. 3 (a), will be developed based on Eqs. (2) and (3).
Our goal is to establish the relationship between the element's nodal force and displacement, or simply, to formulate the element stiffness matrix. The key idea in formulating this ad hoc element is to decompose the original problem ( Fig. 3(a) two boundary value problems as shown in Fig. 3 (b) and (c): (1) a specified mixed boundary value problem in the matrix domain X 1 with boundaries C 1 ,C 1 and C 2 ; (2) a specified mixed boundary value problem in the non-ellipsoidal inclusion domain X 2 with boundaries C 2 , C 1 and C 2 . C 1 and C 2 are the element's outer boundary with neighboring elements, and C 1 and C 2 are inner interface between the matrix and the inclusion. Following the Hellinger-Reissner principle as well as Zhang and Katsube's work (1995) , similarly, we define the following two separate hybrid functionals for these two problems:
For problem 2
where u, r, t and S are, respectively, the stress, displacement, boundary traction vectors and the elastic compliance matrix; D is the matrix differential operator relating strains to displacements; and the symbol $ represents a specified quantity. Based on the hybrid-stress finite element method (Pian, 1964) , the boundary displacementsũ ð1Þ andũ ð2Þ are assumed separately from u and are expressed in terms of the displacements of the element. The boundary tractionst ð1Þ andt ð2Þ are assumed to be specified and are actually unknown.
The stationary values of the two functionals defined by Eqs. (4) and (5) yield the following two sets of equations: 
t I ¼ n ð2Þ r I on C 2 ; C 1 and C 2 ð10Þ u ¼ũ ð2Þ on C 2 ; t ¼t ð2Þ on C 1 and C 2 ð11Þ in which n (i) is a 2 Â 3 matrix of the unit normal to boundary C (i) and C (i) . It is seen from the above equations that the true solutions of the two problems minimize the hybrid functionals. We may simplify the functional by constructing the stress r and displacement u fields in such a manner that Eqs. (6), (7), (9) and (10) are automatically satisfied. By doing this and using the divergence theorem over X 1 and X 2 , the two functionals are reduced to
In order to recover the solution for the original problem from those of two decomposed problems, the traction reciprocity t conditions and the displacement u compatibility conditions are necessary to be imposed: 
If we write t m and t I as t, u m and u I as u, andũ ð1Þ andũ ð2Þ asũ, Eq. (16) is rewritten as
where
. Note the integrands u and t = nr of Eq. (23) are integrated in the Cartesian coordinate system, which should be obtained from u(r, h) and r(r, h) in the polar coordinate system given in Eqs. (2) and (3).
Using Eqs. (2), (3) and (17), we have the following stiffness matrix of the super inclusion corner element:
where G and H are one-dimensional integrals along the boundaries of the super inclusion corner element as shown in Fig. 4 , namely:
in which s is the distance measured from a point p on the integration boundary segment to the first node of integration boundary segment as shown in Fig. 4 , and l is the length between two nodes of the integration boundary segment; I 2 is the second order identity matrix. This ad hoc element is used to model the near-field region and is in conjunction with the conventional four-node hybridstress elements in the far-field region for the analysis of displacement and stress fields in the entire region, thus finally singular stress fields around the inclusion corner are obtained.
Definition of generalized stress intensity factor (GSIF)

GSIF around an inclusion corner in isotropic materials
As for the problem of non-ellipsoidal inclusions in isotropic materials, Chen and Nisitani (1993) and Chen (1994) used the complex function approach and the body force method to study it. According to their studies, the singular stress field around the inclusion corner can be expressed, in a simple form, as a sum of two items: one written in a form of r k 1 is corresponding to the mode I deformation and the other written in a form of r k 2 the mode II deformation. The stress fields due to the mode I and II deformations are symmetric and skew-symmetric with respect to the axis of h = 0 (see Fig. 2 ), respectively. The orders of stress singularity for the mode I and II, k 1 and k 2 , are generally different, and determined from Eq. (1), respectively and arranged as k 2 6 k 1 . Therefore, when singular stresses at every h are calculated from Eq. (3), For example, at points on the axis h = 0, the singular stresses r hh for the mode I and r rh for the mode II are related with the values of generalized stress intensity factors K I;k 1 and K II;k 2 , respectively, as follows: Chen (1994) .
GSIF around an inclusion corner in anisotropic materials
With regard to the problem of non-ellipsoidal inclusions in anisotropic materials, if the bisector of the two wedges is alien with x-axis (see Fig. 2 ) and the principal axis of material is consistent with the coordinate axis, the distribution of singular stress filed, like that in isotropic materials, is symmetric and skew-symmetric with respect to the axis of h = 0. The generalized stress intensity factor (GSIF) can be still computed from Eqs. (19) and (20). Otherwise, the distributions of singular stress fields around an inclusion corner in anisotropic materials are very complicated and the formulations aforementioned cannot be used. Under prerequisites for convenience in use and safety in components, the strongest singularity and the stresses on the interface are usually used to define the generalized stress intensity factor (GSIF), namely:
where k 1 is the order of dominant singularity and h 0 is the angle between the interface and the bisector as shown in Fig. 4 .
Application
A number of numerical examples are considered to demonstrate the efficacy of the present ad hoc hybrid-stress finite element technique in this section. Some of them have been discussed in the previous studies (Chen, 1994; Chen and Nisitani, 1993) , and the others are new.
Material property
Several kinds of materials such as isotropic materials, anisotropic materials and piezoelectric materials are used in the present numerical study. The relevant non-zero materials parameters with respect to their principal material directions 1, 2 and 3 (also poling direction for piezoelectric materials) are given below:
( 
x in which b is half the width of the rectangular inclusion and l half the width of the diamond inclusion (see Fig. 5 ); r 1 yy and s 1 xy are tension load and shear load, respectively.
Convergence of numerical results
In this part, to discuss the effects of the size of the super inclusion corner element on the numerical results, an infinite plate containning an isotropic square inclusion (b = l) in isotropic materials under remote loading is considered, as shown in Fig. 5(a) . The plane stress condition is assumed. Their comparisons are respectively given in Tables 1 and 2 . Table 1 is corresponding to the dimensionless stress intensity factors F I, k 1 and F II, k 2 for a square inclusion with different stiffness ratios of materials under tension loading r 1 yy , and Table 2 under shear loading s 1 xy . Taking l 2 /l 1 = 10 under tension loading r 1 yy as an example, the analytical solutions (Chen, 1994) of F I,k 1 and F II,k 2 are 0.2402 and À0.4876, respectively, and the present numerical results of F I, k 1 and F II, k 2 are, respectively, 0.1846 and À0.4737 at size 2.0b Â 2.0b, and 0.2397 and À0.4860 at size 0.2b Â 0.2b. It is seen that the discrepancies between the analytical solutions and the present numerical results are respectively À23.15% and À2.85% at size 2.0b Â 2.0b, but À0.21% and À0.33% at size 0.2b Â 0.2b. Therefore, we can draw a conclusion that the errors of numerical results decrease with decreasing the size of the inclusion corner element. In the numerical analysis, one super inclusion corner element and 285 four-node quadrilateral elements are used.
Comparisons with available solutions
As the first benchmark example, herein an infinite plate containing an isotropic rectangular inclusion in isotropic materials under only tension loading, shown in Fig. 5(a) , is considered under the condition of plane stress. The singular stress fields around the inclusion corner A are analyzed. To simulate the infinite effect, the width and the height of the plate are set to be w = 20b and h = 10l, respectively, in which b andlare respectively half the width and height of the inclusion. Due to the symmetry of the geometry and loading, only one-quarter of the geometry is needed for finite element mesh division. Configuration of mesh division around the rectangular inclusion corner is given in Fig. 6 . To verify the present method, the relationships between the dimensionless stress intensity factors F I,k 1 as well as F II,k 2 against l/b is investigated again, and it can be seen from Fig. 7 (a) and (b) that the present numerical results coincide with those of Chen (1994) . In the numerical calculation, one super inclusion corner element and 285 four-node quadrilateral elements are employed. As shown in Fig. 5(b) , an infinite plate containing an isotropic diamond inclusion in isotropic materials only under tension loading is considered as the second benchmark example. The plane stress condition is assumed. The singular stress fields around the inclusion corner A are analyzed. To simulate the infinite effect, the width and the height of the plate are set to be w = 40l and h = 40l, respectively, where l is half the width of the diamond inclusion. Due to the symmetry of the geometry and loading, in the numerical calculations, only the right area of the geometry in Fig. 5(b) , i.e., the right area of 40l Â 40l, is needed for finite element mesh division. Diagram of the finite element mesh division is shown in Fig. 8 . Table 3 describes the relationship between the dimensionless stress intensity factors F I,k 1 as well as F II,k 2 against the ratio of shear material constants l 2 /l 1 . We can see from Table 3 that the present numerical results are in good agreement with those of Chen (1994) .
The maximum error is less than 2.91%. In the numerical analysis, one super inclusion corner element and 508 four-node quadrilateral elements are adopted.
In a word, comparisons aforementioned show that the present ad hoc hybrid-stress finite element procedure yields rapidly converging numerical solutions with higher accuracies and fewer elements. Relationships between FI;k 1 , F II;k2 and l/b at corner A shown in Fig. 7(a) .under tension loading.
Numerical results and discussions
Interaction between two square isotropic inclusions in isotropic materials
For many heterogeneous materials, the inclusion phases often exhibit irregularities in geometry and randomness in distribution. Therefore, the knowledge of multiple inclusion interactions is very important in evaluating the strength of materials. As an application, an infinite isotropic plate containing two square isotropic inclusions is considered under remote loadings as shown in Fig. 9 . The plane strain condition is assumed. The singular stress fields around the inclusion corner o is analyzed. To simulate the infinite effect, the width and the height of the plate are set to be w = 20b and h = 20b, respectively, where b is half the width of the square inclusion. Due to the symmetry of the geometry and loading, in the numerical calculations, only one-quarter of the geometry in Fig. 9 , i.e., one-quarter of 20b Â 20b, is needed for finite element mesh division. The numerical solutions of the dimensionless generalized stress intensity factors F I,k 1 and F II,k 2 under only tension loading r 1 yy are computed and listed in Table 4 . From the Table 4 it can be seen that, as l 2 /l 1 < 1, the numerical results of F I,k 1 and F II,k 2 decrease with the increase of the space distance d between the two square inclusions and they are all greater than zero, implying that both tension fracture and shear fracture might occur at the inclusion corner but shear-oriented fracture might occur; as l 2 /l 1 > 1, F I,k 1 increases with the increase of the space distance d and is greater than zero, while F II,k 2 varies irreg- ularly with increasing d and is always less than zero, implying that both tension and shear fracture might occur at the inclusion corner but the shear fracture direction is opposite to that of l 2 /l 1 < 1. In addition, with increasing l 2 /l 1 ratio, the dimensionless generalized stress intensity factors F I,k 1 and F II,k 2 are affected by only the space distance d regardless of l 2 / l 1 and finally both tension and shear fracture might occur simultaneously. In the numerical computation, two super inclusion corner element and 504 four-node quadrilateral elements are used.
A single rectangular isotropic inclusion in composite materials
In this part, as shown in Fig. 5(a) , an infinite anisotropic plate containing a single rectangular isotropic inclusion is considered under tension loading. Suppose that domain X 1 is occupied by a high modulus epoxy-matrix composite material, and domain X 2 by an isotropic material which may be lead (Pb), aluminum (Al), copper (Cu), nickel (Ni) and ceramics (Al 2 O 3 ).
The singular stress fields around the inclusion corner A are analyzed. To simulate the infinite effect, the width and the height of the plate are set to be w = 20b and h = 10l, respectively. Diagram of mesh division around the rectangular inclusion corner is given in Fig. 6 . Under tension loading r 1 yy , the generalized stress intensity factors GSIFs K 1 and K 2 near corner A, with varying l/b, along the interface AB (h 0 = 3p/4, see Fig. 4 ) between the matrix and the inclusion are plotted in Fig. 10 . We can see from the Figure that, as l/b < 10, the GSIFs K 1 and K 2 for the copper and the ceramics inclusions vary quickly but slowly for the lead and the aluminum inclusions, implying that the higher the modulus of the inclusion is, the greater the effect of the size l/b on the GSIFs K 1 and K 2 is. As l/b > 10, the effect disappears basically. In other words, the inclusion will strengthen the interface, and the higher the modulus of the inclusion is, the stronger the interface is.
A single rectangular piezoelectric inclusion in isotropic materials
In the field of intelligent structures, as sensors and actuators, piezoelectric materials are usually embedded or bonded on a host material. As a mechanical model, these cases can be considered as a problem of an infinite plate containing a piezoelectric inclusion. In the present paper, the geometrical configuration of the inclusion is rectangular. Therefore, the problem can be described by Fig. 5(a) . Suppose that domain X 1 is occupied by an isotropic elastic material (metal) such as aluminum or nickel, and domain X 2 by an piezoelectric material such as PZT5H. The singular stress fields around the inclusion corner A Table 4 Dimensionless GSIFs F I,k 1 and F II,k 2 around the corner o in Fig. 9 are analyzed. The plane strain condition is assumed. The finite element mesh division is the same as that of the proceeding section. Electric potentials inside the metal and on the interface are assumed to be zero. Under tension loading, the generalized stress intensity factors K 1 and K 2 near corner A on the interface of h 0 = 3p/4 (see Fig. 4 ) are calculated and listed in Tables  5 and 6 . It can be seen from the Tables that both of K 1 and K 2 decrease with increasing log(l/b). In addition, to validate the efficacy of present method, the numerical solutions of K 1 and K 2 from the commercial software ANSYS are also given in the Tables. Comparisons of our present results with the solutions from ANSYS show that the present results are basically satisfactory. Maximum error of both results is less than 13%. It should be noted that we are herein not going to discuss further the effect of the number of elements used in the calculations on the computational results due to the limited space and the laborious time. Note the figures in the parenthesis in the Tables are the number of elements used in the numerical solutions, which shows much fewer elements are used in the present method.
Conclusions
In this paper, a new ad hoc hybrid-stress finite element is presented for the mechanical analysis of heterogeneous materials with elastic matrix and elastic inclusions. A super n-sided polygonal element embedded with a part of an elastic inclusion corner is developed. The present method is validated by comparing its predictions with available numerical solutions of problems with one isotropic rectangular or diamond inclusion in the infinite (large enough) isotropic plate. The analytical singular stress distribution surrounding the inclusion corner is reproduced based on the developed method. Excellent agreement is obtained. Versatility and applicability of the developed method are also demonstrated by examining the effect of material type, stiffness ratio, shape and spacing position on the generalized stress intensity factors (GSIF) around the inclusion corner.
Through our numerical analyses, some useful conclusions can be drawn as follows:
(1) The inclusion will strengthen the interface, and the higher the modulus of the inclusion is, the stronger the interface is.
(2) For the interaction problems of two rectangular inclusions in an isotropic material-matrix under tension loading, the numerical results of F I,k 1 and F II,k 2 decrease with the increase of the space distance d between the two square inclusions and shear-oriented fracture might occur as l 2 /l 1 < 1; the GSIF F I,k 1 and F II,k 2 are affected only by the space distance d regardless of tension loading and finally both tension and shear fracture might occur simultaneously as l 2 /l 1 > 10.
(3) For single rectangular inclusion problems, when l/b > 10, the effect of l/b on the generalized intensity factors can be ignored and then the rectangular inclusion can be considered as a fiber. (4) For inclusions in an anisotropic material-matrix, the effect of inclusion on the generalized intensity factors is very complicated and it needs to be discussed further. 
